
F i g u r e  2 shows  a c o m p u t e r - c a l c u l a t e d  p lo t  of log  J*  a g a i n s t  the S tokes  n u m b e r  St  f o r  p o o r l y  conduct ing  p a r -  
t i c l e s  in the  c a s e  of po t en t i a l  f low p a s t  a s p h e r e  of r a d i u s  R. C u r v e s  1-3  c o r r e s p o n d  to Re = 10, 102, and  103. 
When St  = ~ we have  

1 

j .  = 2S ( ] / ~ ) ~ / l o  b*db* = 20 
27" 

0 

F i g u r e s  1 and 2 i n d i c a t e  tha t  t h e r e  i s  a c r i t i c a l  va lue  of the  S tokes  n u m b e r  (St 0 > 0), a t  which J*  b e c o m e s  
z e r o .  When the  S tokes  n u m b e r  i s  l e s s  than  St  0 the  p a r t i c l e s  do not  r e a c h  the body s u r f a c e .  In t h i s  c a s e  J*  -- 0 
and t h e r e  i s  no e l e c t r i f i c a t i o n  of  the  body .  

As an  e x a m p l e  we c o n s i d e r  the  e l e c t r i f i c a t i o n  of a s p h e r i c a l  body  of d i a m e t e r  2R = 10 m in an a e r o s o l  
f low of i c e  p a r t i c l e s  wi th  d i a m e t e r  a = 10 -4 m,  c o n c e n t r a t i o n  7 ~ = 108 m -8, and f low v e l o c i t y  u ~ = 100 m / s e e .  
F o r  p u r e  i ce  gp  = 72, Crp = 4 �9 10 -? ~2 -1 �9 m -1, e = 1.6 �9 1 0 - 1 9 C ,  n o -- 1 0 ! 9 - 1 0 2 0  m -3, EYp = 3 �9 109 N / m  ~, ~p = 0.3. 

In t h i s  c a s e  the  i nequa l i t y  ~ ~ 10 -~ s e c  << Te = 1.6 �9 10 -3 s e c  i s  f u l f i l l ed  and the t h e o r y  expounded  in P a r a g r a p h  
4 i s  a p p l i c a b l e .  F o r  t h e s e  n u m e r i c a l  v a l u e s  of t he  p a r a m e t e r s  we  have  St  = 2, Re = 108, J*  = 10 -1, Ae~ = - 5  �9 
10 -16 C, J / S  M = 5 �9 10 -7 A / m  2. Such c u r r e n t  d e n s i t i e s  a r e  a c t u a l l y  o b s e r v e d  when b o d i e s  move  in c louds  and 
p r e c i p i t a t i o n  [2]. 
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APPLICATION OF THE MULTIPLE-SCALE METHOD IN THE 

PROBLEM OF WAVES ON THE SURFACE OF A LIQUID 

V. A. Batishehev and V. V. Trepachev UDC 523.593 

S r e t e n s k i i  [1] h a s  u s e d  the  m e t h o d  of i n t e g r a l  t r a n s f o r m s  to  s o l v e  the  p r o b l e m  of w a v e s  on the s u r f a c e  
of a v i s c o u s  i n c o m p r e s s i b l e  l iqu id  of in i f in i t e  dep th .  In t he  l o w - v i s c o s i t y  c a s e  Po t e tyunko  and S t r u b s h e h i k  [2] 
have  c o n s t r u c t e d  a s y m p t o t i c  e x p a n s i o n s  tha t  a r e  v a l i d  in  f in i t e  t i m e  i n t e r v a l s .  

In th i s  a r t i c l e  we c o n s i d e r  the  p l a n a r  C a u c h y - P o i s s o n  p r o b l e m  fo r  the  l i n e a r i z e d  N a v i e r - S t o k e s  e q u a -  
t ions  in a p p l i c a t i o n  to  the  mot ion  of an i n c o m p r e s s i b l e  l o w - v i s c o s i t y  l i qu id  u n d e r  the  ac t i on  of an in i t i a l  e l e v a -  
t i on  of the  f r e e  s u r f a c e :  

8v/Ot = - -  Vp + e~Av, div v = 0, 

P = Pr + ~,z, v = 0, ~ = ~.  (x) (t = 0), - -  p -}- ~ n u 2a~Ovz/Oz = 0 (z = 0), 
OUOt = vz, OvJOz + Ov,/Ox = 0 (z ---- 0), (1) 

(v, Ov/Ox, p ,  Op/Ox, ~.)  -+ O, [ x [ -+ o~, 

v = 0 (z = - -  H) .  

R o s t e r - o n - D o n .  T r a n s l a t e d  f r o m  Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i T e k h n i c h e s k o i  F i z i k i ,  No. 3, pp.  42-44 ,  
M a y - J u n e ,  1982. O r i g i n a l  a r t i c l e  s u b m i t t e d  A p r i l  3, 1981. 
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All quantities in (1) are dimensionless .  Here e2 = 1 / R e  is a small  parameter ;  Re, Reynolds number;  Pr,  
hydro~-namic  p re s su re ;  ~ (x, t) descr ibes  the elevation profile of the free boundary; k = gT2a-1; g, acce le ra -  
tion of gravity;  and a,  T, units of length and time. The coordinate origin is placed on the undisturbed surface.  
The z axis is directed ver t ica l ly  upward. The liquid is set in motion by the initial elevation of the free bound- 
ary  ~ ,  (x). 

We const ruct  asymptotic expansions of the solution of problem (1) as ~-- 0 in the fo rm 

/ ~  N 
v ~ ~.a e~ (va -{-- wa --}- h~), ~ -~. ~.~ ~t:~a. (2) 

k=O h=O 

An analogous ser ies  is const ructed for  the function p with coefficients Pk, rk '  qk" In the case of vanishing v i s -  
cosity,  boundary layers  are  fo rmed near  the boundaries of the domain. We denote by DS and D F the domains 
of the boundary layers  near  the solid boundary S and the f r ee  surface F. Then w k and r k are  functions of the 
nature of solutions of the boundary- l aye r  problem in D S, while h k and qk are the same in D F. 

The functions Vk and Pk, which charac te r i ze  the flow everywhere  outside D S and D F, are found by the f i rs t  
i terat ion p rocess  of I3] and are  expressed  in t e r m s  of the sca l a r  function ~k(X, z, t) according to the formulas  
v k = g r a d  ,Ok' Pk = - 0 ~ k / ~ t ,  where ~k sat isf ies  the Laplace equation A~k = 0. We introduce the Four i e r  t r ans -  
fo rm with respec t  to the coordinate x and the Laplace t r ans fo rm with respec t  to the t ime t: 

t S t)dx, L/ ~i/e-"tdt, r z,t) ~ e '~ / (z ,  z, = 

and we specify two t ime scales  t 1 and r [4]: 

N /V 

t 1 = t A- ~,, eh~h (t, ~), X -- ~ e~tok i t, ~). (3) 
k=O h = l  

The principal t e r m s  of the asymptotic representa t ion (2) v 0, P0, ~ 0 are  determined f r o m  the solution of 
the corresponding ideal-fluid flow problem [3], and the coefficient ~0 in the expansion for  the elevation of the 
f ree  boundary is obtained in the fo rm 

r = ~*(~, ~) cos Yh, 

where ~/ = 0~tanh ~H) 1/2 and ~ * are  expressed in t e rms  of the initial data and T. 

The functions w k = (Wxk, Wzk), which occur  in the domain D S, compensate the discrepancies  in the ful-  
f i l lment of the no-s l ip  conditions in {1) and are  determined by means of the second iteration p rocess  in [3]. 
For  this purpose we introduce the dilation t ransformat ion  z = - H  + es and require  that w k and their  der iva-  
t ives decrease  as s - -  oo. Then Wz0 = 0, Wxo are determined f rom the heat-conduction equation with constant 
coefficients, and Wzl is obtained in the fo rm 

The functions ~1, fit, c~ in the expansions (2) and (3) are determined by applying the f i r s t  i teration p r o -  
cess  to the conditions on the free boundary (z = 0) in Eq. (1). As a result ,  for  ~v 1 and ~l we derive the sys tem 

O~,/Otl + H~o = vn, ogJ0h + H% + X~, = 0 (z = 0), ] 
~ , = ( P t = 0  (t 1 = 0 ) , ~  

where the opera tor  H = ~i- ~ -- -~7 ~" 

Separating the var iables  t 1 and 7 in (4), we obtain the function ~ * in the fo rm 

~*(~, ~) = r  ~. 

Now, eliminating q~l f rom the sys tem (4), we obtain the equation for  ~ i 

(4) 

(5) 

~ [ ~,~23/2" ~t~cosTti _[_ 2_~7  sin~,tl]~, ' ot~ + ~,:d)~, = L:I/~-~ ( ~ )  M(?t l )  -1- 2 o% _1 (6) 
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where 

0 0 

F r o m  (6) we deduce ~i. According to the mul t ip l e - sca l e  method [4], the  unknown functions wl and ~1 are  de-  
t e r m i n e d  f r o m  the condition that the coefficients of ~ in the asymptot ic  expansions (2) are  bounded as t - ~ ;  

as a result, we have 

I1* = l~t, r = u ~ = -~,~/[2V2'1~1/~ eh~([ H) 1. " 

F o r  the f i r s t  two t e r m s  of the asymptot ic  expansion of the e levat ion of the f r ee  su r face  ~ we have 

~ ~o + e~,, ~ o  = cos ~, (1 + ~1~) t. q ~ , e  -~v~', (7) 

We cons ider  the case  of a liquid of infinite depth. Now the las t  condition in the s y s t e m  (1) is sa t i s f ied  
for  z = - ~ ,  and the coefficients w k and r k are  absent  in the expansions  (2). The express ion  for  the e levat ion 

0 of the f r ee  boundary of an ides / f lu id  is obtained in the f o r m  r ~ 0 = cos ~ t  i �9 ~ *(~, T), where  ~ = (k I ~ 1) 1/2 
and ~ * is de te rmined  according to (5). 

As e -* 0 a boundary l aye r  is fo rmed  only n e a r  the f r ee  boundary F. The functions h k = (hxk, hzk) c o m -  
pensate  the d i sc repancy  in the fulf i l lment of the dynamic condition fo r  the tangential  s t r e s s  on F and are  de-  
t e rmined  by the second i tera t ion p r o c e s s ,  where  h 0 =hz l  = qk = 0 (k >_ 0): I_~hz2 = - 2 k  ~ 3(r + e~)-lexp(_s~-~) ~., 
s = z / e .  The coefficients  fiz and w2 in the expansions  (3) a re  ca lcula ted  concurrent ly  with the de terminat ion  
of the functions v~, ~2, P2. We note that in the given s i tuat ion v i =Pl  = ~1 = wi = fll = 0, and ~2 is de te rmined  

f r o m  the equation 

r = [ ( r  ~- 2 ~  -*) sin ~t~ - -  (e~ 2 + 2~2t~) cos ~t~] e~q~.. 

F r o m  the condition of boundedness of the coefficients  of ez in the expansions (2) as t - -  ~ we deduce expres s ions  

for  f12 andw2 :w2  = - 2 ~ 2 t '  f12 = 0. 

F o r  the asymptot ic  expansion of the elevat ion of the f r ee  boundary,  up to t e r m s  of o rde r  e 3, we obtain 

= ~ e -2~2~t r  (cos ~t ~- 2s2~2q~-*sin ~t) ei~Xd~ ~- 0 (es). (8) 

The cons t ruc ted  asymptot ic  expansions (2) and expres s ions  (7) and (8) desc r ibe  the attenuation of the 
waves  genera ted  by the initial d is turbance  of the f ree  su r face  at t imes  of the o rde r  O[(Re) 1/2] and O(Re), r e -  
spect ively .  We note tha t  the coeff icient  of t ~ in the asymptot ic  fo rmulas  (8) coincides with the well-known in-  
t eg ra l  of Sretenskii  [1], and upon expansion of the exponential  function exp(-2e2~2t)  into a power  s e r i e s  in 
the f i r s t  two t e r m s  of the asymptot ic  r ep resen ta t ion  of ~ in [2] a re  obtained. 
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